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Abstract 
In the paper, for the Kerr field, we prove that Chandrasekhar’s Dirac Hamiltonian and the 
self-adjoint Hamiltonian H  with a flat scalar product of the wave functions are physically 
equivalent. 
Operators of transformation of Chandrasekhar’s Hamiltonian and wave functions to the 
  representation with a flat scalar product are defined explicitly. 
If the domain of the wave functions of Dirac’s equation in the Kerr field is bounded by 
two-dimensional surfaces of revolution around the z  axis, Chandrasekhar’s Hamiltonian and the 
self-adjoint Hamiltonian in the   representation are Hermitian with equality of the scalar 
products,    , ,H H    . 
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1. Introduction 
 
Chandrasekhar in [1] separated angular and radial variables of Dirac’s equation in the 
Kerr gravitational field [2]. Page in [3] extended Chandrasekhar’s approach to Dirac’s equation 
in the Kerr-Newman field [4]. In both cases, they used metrics in the Boyer-Lindquist 
coordinates [5]. 
 Chandrasekhar’s and Page’s stationary four-component Hamiltonians are pseudo-
Hermitian [6] - [8], [11] or, in other words, Hermitian with Parker’s weight operator [9] in scalar 
products of the wave functions. 
 In [10] - [12], we developed a method for deriving self-adjoint Dirac Hamiltonians with a 
flat scalar product of the wave functions within the framework of pseudo-Hermitian quantum 
mechanics [6] - [8] for arbitrary, including time dependent, gravitational fields2. In particular, in 
[12], we obtained a self-adjoint Hamiltonian in the Kerr gravitational field. This Hamiltonian can 
be easily extended to Kerr-Newman geometry. 
 In the present paper, we prove that Chandrasekhar's Hamiltonian is equivalent to the 
corresponding self-adjoint Hamiltonian in the   representation. For Kerr geometry, an explicit 
form of operators of transformation to the   representation is defined. We declared the above 
equivalence in [13] without proof because of cumbersome mathematical espressions. 
 In this paper also for the domains of the wave functions of Dirac’s equation in the Kerr 
field, bounded by two-dimensional surfaces of revolution around the z  axis, we prove the 
fulfillment of the Hermiticity condition for Chandrasekhar’s Hamiltonian and the Hamiltonian in 
the   representation. Such surfaces include, in particular, the surfaces of the outer and the inner 
ergospheres of the Kerr field. 
2. Kerr metric in the Boyer-Lindquist coordinates 
 
 The Kerr solution to the general relativity equations is characterized by a point source of 
gravitational field of mass M , which rotates with an angular momentum McJ a , where c  is 
the speed of light, a  is the reduced angular momentum. For the Kerr solution  0,0,aa . 
 Below we use the units in which 1c  . 
 
 
                                                 
2 Below such representation of Dirac Hamiltonians is called the   - representation. 
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 Tetrad vectors H   are defined by the relationship 
 ,v vH H g

     (1)3 
where 
  1, 1, 1, 1 .diag      (2) 
 The global (non-underlined) indices are lowered and raised up by means of the metric 
tensor vg  and the inverse tensor 
vg  , and the local (underlined) indices, by means of the tensors 
 ,  . 
 Dirac’s matrices satisfy the relationships 
 2 ,g E          (3) 
 2 ,E          (4) 
where E  is a 4 x 4 identity matrix. The relationship between   and   is given by the 
expression 
 .H     (5) 
 The Kerr metric in the Boyer-Lindquist coordinates  , , ,t r    has the form 
 
2
2 2 2 2 2 20 0
2 2
2
2 2 2 2 20
2
21 sin
sin sin .
K
K
K K
K
r r ar rds dt dtd dr d
a r rr a d
    
  
         
     
 (6) 
 In (6) , 0 2
2GMr
c
  is the gravitational radius (“event horizon”) of the Schwarzschild field, 
G  is the gravitational constant, 2 2 2 2cosK r a   , 2 20r r r a    . 
 In accordance with the Hilbert causality condition  00 0g  , the metric (6) implies that 
following inequality holds: 
 021 0.
K
r r

    
 (7) 
 In the  ,r   coordinates, the equality of (7) to zero determines the outer and the inner 
surfaces of the ergospheres of the Kerr field. 
 The contravariant tensor g has the following form: 
                                                 
3 The Greek letters take on values 0, 1, 2, 3 and the Roman letters take on values 1, 2, 3. 
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a r r ar rr a
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ar r r r

 


  
     



      
 (8) 
 
3. Hamiltonians of spin-half particles in the Kerr field 
 
In [12], for the metric (6) we obtained a self-adjoint Hamiltonian in the   representation 
with a flat scalar product of the wave functions 
 
0 0 1 0 2
00 00 00
0 3 0 10
00 200 00
0 2 3 1 00
0 00 200
2 3 00
0
1 1 ctg
2
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1 sin
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4
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K KK
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m i iH
r rg g g
i i ar r i
g rg g
i i rg ar
r gg
i g ar
       
      
      
  
                 
              
                
 00 2 .
K
r
g
  
     
 (9) 
If in (9) we restrict ourselves to linear terms with respect to a , we will obtain a self-adjoint 
Hamiltonian for a weak Kerr field 
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3
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3
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1 1 1ctg
2 sin
3 sin .
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S
irH m f if
r r r
iari f
r r r
ari
r
     
      
 
       
              

 (10) 
In (10), 01S
rf
r
  . With 0a  , the Hamiltonians (9), (10) coincide with the self-adjoint 
Hamiltonian for the Schwarzschild field [12]. 
As distinct from centrally symmetric Schwarzschild, Reissner-Nordström and other 
gravitational fields, the axially symmetric Kerr field does not allow us to use spin-half spherical 
harmonics for separating angular variables in Dirac’s equation. 
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Сhandrasekhar in his paper [1] separated variables in the Dirac Hamiltonian with the 
metric (6) using the Penrose-Newman two-component spinor formalism [14] and the tetrad of 
Kinnersley [15]. 
Following [16], [17] Dirac’s equation and Сhadrasekhar’s Hamiltonian can be written in 
the bispinor form: 
 0 0 0 000 00 00 .
k k kCh
Ch Ch Chk
m i ii H i
t g g x g
                    (11) 
In (11), 01, 2,3, , kk     are bispinor connectivities calculated in a standard way. 
The remaining quantities have the following form: 
 
*
.
A
Ch
B
P
Q
      
 (12) 
In (11), 
 
'
'
0 2
,
2 0
AB
T
AB



 
       
 (13) 
 
* *
'
'2 2 ; 2 2 .
TAB
AB
n m l m
m l m n
   
 
    
                   
 (14) 
In (13), (14), the indices , 'A B  assume the values of 0  and 1, and the symbols * and T  mean 
complex conjugation and transposition. 
Components of the tetrad of Kinnersley equal 
 
 
2 2
2 2
2
1 1,1,0, , , ,0,
2 2
1 sin ,0,1, .
sin2 cos
K
r a al n r a a
im ia
r ia
 


 
           
     
 (15) 
The inverse metric tensor (8) is expressed in terms of the components of (15) as follows: 
 * * .v v v v vg l n n l m m m m         (16) 
Сhandrasekhar’s Hamiltonian (11) is physically equivalent to the self-adjoint Hamiltonian 
(9), because they are related by a similarity transformation. 
For the wave functions of Dirac’s equation with Сhandrasekhar’s Hamiltonian (11), the 
scalar product contains Parker’s weight operator [9], [10] - [12]. 
 0 0P Gg    (17) 
where, for the Kerr metric in the Boyer-Lindquist coordinates, 
4
4
K
Gg r
  [12].  
 If the self-adjoint Hamiltonian (9) is used, 1P  . 
 If we define the operator   from the equality 
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 ,P    (18) 
Сhandrasekhar’s Hamiltonian will be related to the Hamiltonian (9) by the similarity 
transformation 
 1 0 0 0 000 00 00 .
k k k
Ch k
m i iH H i
g g x g       
               (19) 
In (19) 
 1 1, .              (20) 
It follows from (19) that both Hamiltonians have the same energy spectrum. 
 
4. Physical equivalence of Chandrasekhar’s Hamiltonian (11) and the 
self-adjoint Hamiltonian (9) 
 
 We prove the equivalence in the following way. 
 First, we derive Parker's weight operator from the form of the matrices (13), (14) with the 
Kinnersley tetrad components (15) and define the transformation operator   by means of (18). 
 We will show that the matrices 0 2,    coincide with the matrices 0 2,    calculated in [12] 
by means of tetrads in the Schwinger gauge. For 1 3,    to coincide with 1 3,   , an additional 
unitary transformation is required, which commutes with the matrices 0 2,   and is related to a 
spatial turn around the   axis. 
 We denote a part of the Hamiltonian (19) without bispinor connectivities   as 
 0 000 00 .
k
red k
m iH
g g x  
       (21) 
The expression (21) is sufficient for us to arrive at the form of the sought self-adjoint 
Hamiltonian (9) using the formula proven in [12] for the metrics of the form (6) without 
calculating the bispinor connectivities  : 
   001 .2 4
ok
no nk p mn
red red mp p
H Hi gH H H H S
x g x
          
    (22) 
In (22), , , pno nk mH H H    are tetrads in the Schwinger gauge,  12mn m n n mS      . 
As a result, we prove that the two Hamiltonians under consideration are physically 
equivalent. 
 Below we consider three cases: the general case of a Kerr field, a weak Kerr field 
accounting for the terms not higher than linear with respect to the angular momentum parameter 
a , and the Schwarzschild case with 0a  . 
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The matrices (13) with the components of the Kinnersley tetrad (15) have the following 
form: 
 
0
.
0
up
d



 
     
 (23) 
In (23), ,up d
    are 2 x 2 matrices 
 
2 2
2 *
0
2 2
sin
,
sin
K K
up
K
r a ia
ia r a

  

        
 (24) 
 
2 2
*
0
2 2
2
sin
.
sin
K
d
K K
r a ia
ia r a

 
 
         
 (25) 
 21
0
,
0 1
Kup 
      
 (26) 
 1
2
1 0
,
0d
K


      
 (27) 
 
*
2
10
,
1 0
K
up
K


       
 (28) 
 
*
2
10
,
1 0
K
d
K


       
 (29) 
 
2 *
3 sin ,
sin
K K
up
K
a i
i a
  
 
       
 (30) 
 
*
3
2
sin
.
sin
K
d
K K
a i
i a
 
  
       
 (31) 
In (24) - (31), cosK r ia   ; * cosK r ia   . 
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The expressions for   for the weak Kerr field and the Schwarzschild field  0a   are 
derived from (24) - (31) with 2 2 01 ;S
rr f r
r
      
2 2
K r  . 
 With transition to the flat Minkowski space  0 0, 0r a  , the matrices (24) - (31) 
correspond to Dirac’s  -matrices in the spinor representation 
 0
0 1 0
; .
1 0 0
i
i
i
  
           
 (32) 
 Parker’s weight operator is 
 
2 2
0 0
2 2
0
,
0
up
PK K
P d
Pr r
    
      
 (33) 
where ,up dP P   are 2 x 2 matrices. 
 
2 2
*
2 2
2
sin
,
sin
Kup
P
K K
r a ia
ia r a

 
 
         
 (34) 
 
2 2
2 *
2 2
sin
.
sin
K Kd
P
K
r a ia
ia r a

  

        
 (35) 
 The expressions for ,up dP P   for the weak Kerr field and the Schwarzschild field are easily 
established from (34), (35). 
The operator of transformation to the   representation must satisfy the equality 
 ,P    (36) 
where 
 
2 0
,
0
upK
dr
 
    
 (37) 
,up d   are 2 x 2 matrices. 
The operator   can be defined by reducing the matrix P  (33) to the diagonal form. In 
this case the eigenvalues and the eigenvectors of this 4x4 matrix have to be determined. 
 However, taking into account the block-diagonal structure (33), this task for p  is 
reduced to the calculating of the eigenvalues and the eigenvectors for 2x2 matrices 
up
P  (34), dP  (35). 
 
For the matrices (34), (35) the eigenvalues are identical and have the following form 
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  2 2 2
1 2 ,2
K
K
r a B 
      (38) 
 
  2 2 2
2 2 ,2
K
K
r a B 
      (39) 
where   2 2 2 2 2 2 2 24 sin ,K KB A a A r a        . 
Note that 
 001 2 .g    (40) 
 The unnormalized eigenvectors ,U V  of the matrices upP  (34), dP  (35) are identical and 
can be represent in the form 
 
1
2
1
2
2 sin
,
1
2 sin
.
1
K
K
iaU
A B
U
iaV
B A
V
 
 
            
            
U
V
 (41) 
 Consequently, the following equalities are fulfilled 
 
1 1
1
2 2
1 1
2
2 2
,
.
up
p
up
p
U U
U U
V V
V V
 
 
         
         
 (42) 
 
1 1
2
2 2
1 1
1
2 2
,
.
d
p
d
p
U U
U U
V V
V V
 
 
         
         
 (43) 
 In terms of 4x4 matrix p  these relations are equivalent the following ones 
 
1 1 1 1
2 2
2 2 2 2
1 22 2; ;0 0 0 0
0 0 0 0
k k
p p
U U V V
U U V V
r r
    
                                           
 (44) 
 
2 2
2 12 2
1 1 1 1
2 2 2 2
0 0 0 0
0 0 0 0
; .k kp pU U V Vr r
U U V V
    
                                           
 (45) 
The operators , , ,up up d d      then equal 
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 22 1 1 1
2 2 1 2 1
0
,
0
up
N V NU
N V NU
 
         
 (46) 
 
* * * *
2 2 1 2 2
* * * *
1 1 1 21
0
,
0
up
N V N V
N U N U
 
         
 (47) 
 12 1 1 1
2 2 1 2 2
0
,
0
d
N V NU
N V NU
 
         
 (48) 
 
* * * *
1 2 1 2 2
* * * *
1 1 1 22
0
.
0
d
N V N V
N U N U
 
         
 (49) 
 The normalization coefficients 1 2,N N  in (46) - (49) are determined from the condition 
(36): 
 1 2; .2 2
B A B AN N i
B B
     (50) 
 The phase factors in 1 2,N N  are chosen subject to correct limit transition to the operator 
  for the Schwarzschild field with angular momentum parameter 0a  . 
 Considering (41), the operators ,up d   in (37) and 1 1,up d    can be written in the form 
 
*
1 2 2 22
*
2 1 1 12
,
K
K
up
K
K
N N
N N
     
        
 (51) 
 
*
1 22 2
2 11
*
2 1
2 1
1 1
.
1 1
K K
K K
up
N N
N N
 
  
 

        
 (52) 
 
*
1 1 2 12
*
2 2 1 22
,
K
K
d
K
K
N N
N N
     
        
 (53) 
 
*
1 22 2
1 21
*
2 1
1 2
1 1
.
1 1
K K
K K
d
N N
N N
 
  
 

        
 (54) 
 
 For the weak Kerr field, 
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 
 
 
 
 
1 2 1 2
0
1
3
2
sin1 11; ; 1; ;
11
sinsin1
11
; ,
sin sin1 1
1 1
S
S S
SS S
SSS
up up
S S
S S
f a
N N irf r f
r
f af a f ii r fr ff
f a f ai i
r f r f
 

  

      
                       
 (55) 
 
 
 
 
 
3
2
1
sin sin1 11 1; .
sin 1 sin
1 1
S
S
S
S
d d
S S
S
S S S
f a f ai ir f r f
f a f ai i f
r f f r f
 
  

                      
 (56) 
 The transformation matrix   for the Schwarzschild field  0a   is diagonal, 
 1 1,1,1, .S
S S
diag
f f
      
 (57) 
Next, we transform the matrices (24) - (31). Following the transformations, we perform 
an equivalent cyclic replacement of Dirac’s local matrices  3 1 1 2 2 3; ; .         As a 
result, we have 
 0 1 00 0 ,g     (58) 
  1 1 1 3
2
cos sin ,
K
     
    (59) 
 2 1 2
2
1 ,
K
  
   (60) 
    
3 1 3 1 00
300 2 00 2
1 cos sin .
sin
K
ar r
g g
       
    
 (61) 
 In (59), (61) 
 
 00 2 2
cos ,K K
g
B
       (62) 
 
 2sin
sin .K
a
B
      (63) 
 For the weak Kerr field, 
   
1
cos 1; sin sin .
1
S S
S
f f
a
r f
      (64) 
For the Schwarzschild field 
 cos 1; sin 0.    (65) 
 The transformed matrices (58), (60) coincide with the matrices derived in [12] using 
tetrads in the Schwinger gauge. The matrices (59), (61) differ from the similar matrices in [12] in 
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the spatial turn around the   axis. The coincidence of the matrices can be provided by applying 
an additional unitary transformation 
 
3 1
22 cos sin .
2 2
R e i
         (66) 
 The transformation (66) commutes with the matrices 0 2,  ; 2 3 1i     . 
 Finally we have 
 0 1 1 00 0 ,R R g      (67) 
 1 1 1 1
2
,
K
R R  
    (68) 
 2 1 1 2
2
1 ,
K
R R  
    (69) 
  
3 1 1 3 00
32 2 00 2
1 .
sin K K
ar rR R
g
     
    
 (70) 
 The equalities (67) - (70) together with the expressions (21), (22) prove that 
Chandrasekhar’s Hamiltonian (11) and the self-adjoint Hamiltonian are physically equivalent. 
 
5. Hermiticity of Dirac Hamiltonians in the Kerr field 
 
 The standard condition of Hermiticity of Dirac Hamiltonians in external gravitational 
fields expressed in terms of scalar products of the wave functions has the form 
    , , .H H     (71) 
 In [10], the condition (71) is transformed into 
   3 0 0 0 0,0 0 0.0 0 0kk kdS g j d x g jk                            (72) 
 The equality (72) implies summation over k , where 1,2,3k  ; kdS  is the integral over 
projections of the surfaces bounding the domain of the wave functions ,    of Dirac’s 
equation; g  is the determinant of the corresponding metric, for the Kerr metric 
  4 2sinKg    ;  
0
0
,0 0
0
; ,
0 0 0
k
kx
              are Christoffel symbols;  j
  is a four-dimensional 
vector equal to 
 0 .j      (73) 
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 For the stationary Kerr field, 0,0 0  ; the Christoffel symbols 0 , 00 0 0
k
k
           , and the 
condition (72) becomes equal to 
   0.kkdS g j   (74) 
 For the stationary case, the wave function in Dirac’s equation (11) with Chandrasekhar's 
Hamiltonian can be written as 
    , ,iEtCh Cht e  r r  (75) 
where E  is the energy of a Dirac particle. 
 Chandrasekhar in [1] represented (75) in the form 
  
       
       
       
       
1
cos
1
,
1
1
cos
imiEt
Ch
R r S
r ia
R r S
t e e
R r S
R r S
r ia






 
 

 
 
             
r  (76) 
and obtained separately two equations for the angular functions 
       ,S S    and two equations 
for the radial functions 
       ,R r R r  . In (76), m  is the magnetic quantum number. 
 Using the function (76), for each value of , ,E m a  and for the quantum numbers of a 
particle’s orbital and total momentum ,l j , we can define current components j  using the 
matrices   (23) - (31). As a result, we have 
 
                           
                       
                    
       
2 2
0
2
2
2 2
2 2
2
2
2
,
sin2
2
2 sin
lm lm lm lm lm lm
K
lm lm lm lm lm lm
K
lm lm lm lmlm lm
K
lmlm lm
K
r a
j r R r R r S S S S
ia R r R r R r R r S S
r a g r f r S S S S
a g r f r S S
     
     
    
 
    
  
   
 
     
     
   

       
      
       
 
    ,lm 
 (77) 
  , 0,rj r    (78) 
  , 0,j r    (79) 
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                         
                       
           
                    
2
2
2
2 2
2
2,
sin
2
2
sin
.
2
lm lm lm lm lm lm
K
lm lm lm lm lm lm
K
lm lmlm lm
K
lm lm lm lmlm lm
K
j r i R r R r R r R r S S
a R r R r S S S S
g r f r S S
a g r f r S S S S
     
     
  
    
    
   
  
   
     
     
 
   
      
      
  
      
 (80) 
 When deriving (77) - (80) we used the equality 
 
       *lm lmR r R r 
 
  (81) 
and reality conditions for the angular functions 
   
,lm lmS S 
 
 
 
   
   
*
*
,
.
lm lm
lm lm
S S
S S
 
 
 
 


 (82) 
 In (77) - (80),    g r f r  are real functions: 
 
         
         
,
.
g r R r R r
f r i R r R r
 
 
 
     
 (83) 
 Considering that the radial (78) and the polar (79) current components  ,j r   are zero, 
the Hermiticity condition (74) becomes equal to 
   0.dS g j    (84) 
 It follows that for any surface of revolution around the z  axis (  , 0F r   ) bounding the 
domain of the wave functions of Dirac's equation, the Hermiticity conditions for Dirac’s 
Hamiltonians in the Kerr field (84) and, consequently, (71), are satisfied. 
 This also holds for the surfaces of the outer and the inner ergospheres of the Kerr field. 
 
Conclusions 
 
 In the paper we prove that Chandrasekhar’s Dirac Hamiltonian (11) and the self-adjoint 
Hamiltonian (9) with a flat scalar product of the wave functions are physically equivalent. 
 An explicit form of the operators 1,   that transform Chandrasekhar’s Hamiltonian and 
wave functions to the   representation is obtained: 
15 
 
 
   
1
, , ,
.
Ch
Ch
t t
H H


 
 


r r
 (85) 
 We show that if the domain of the wave functions of Dirac’s equation in the Kerr field is 
bounded by a two-dimensional surfaces of revolution around the z  axis, Chandrasekhar’s 
Hamiltonian (11) and the self-adjoint Hamiltonian (9) are Hermitian with equality of the scalar 
products, 
    , , .H H     (86) 
 In a similar manner one can demonstrate the equivalence and the Hermiticity of Page's 
Hamiltonian [3] and a corresponding self-adjoint Hamiltonian in the   representation in the 
Kerr-Newman field [4]. 
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